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Abstract
Can a relativistic quantum field theory be consistently described as a theory of lo-
calizable particles? There are many known issues with such a description, indicating
an answer in the negative. In this paper, we examine these obstructions by tracing how
they (partially) subside in passing to an approximation of ordinary quantum mechanics
in the non-relativistic regime. We undertake a recovery of the characteristic features of
non-relativistic quantum mechanics beyond simply the Schro¨dinger equation. We find
that once this is achieved, there are persisting issues in the localizability of particle
states. A major focus is on the lingering discrepancy between two different localization
schemes in quantum field theory. The non-relativistic approximation of the quantum
field theory is achieved by introducing an ultraviolet cutoff set by the Compton scale.
The other main undertaking of this paper is to quantify the fate of ground state en-
tanglement and the Unruh effect in the non-relativistic regime. Observing that the
Unruh temperature vanishes in the naive limit as the speed of light is taken to infin-
ity motivates the question: is the Unruh effect relativistic? It happens that this is
closely related to the former issues, as ground state entanglement causes obstructions
to localizability through the Reeh-Schlieder theorem.
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1 Introduction
Much of the structure of quantum field theory (QFT) is predicated on the principle of local-
ity. Adherence to locality is pursuant to convictions rooted in relativity, and is achieved in
QFT by the association of regions of spacetime with algebras of observables. Although, by
construction, the observables of QFT are local objects, one may also consider characterizing
the spatial or spacetime features of a state. For example, if we have a single-particle state,
how can we say that the particle is localized in a certain region of space? It turns out that
often such a characterization is obstructed by one of a collection of no-go theorems, which,
for example, imply the absence of any suitable definition of a position operator or local num-
ber operators. These difficulties seem to suggest that relativistic QFT cannot support an
ontology in terms of localizable particles. The tension between the local nature of observ-
ables and the non-localizability of particle states has been studied in [1]. Our aim here is to
investigate relativity as the source of this tension, by examining the non-relativistic regime
of a relativistic QFT.
What precisely are the difficulties with localized particle states in QFT? The problem
can be seen as a result of competing requirements that one would like to attribute to such
states. Perhaps the most basic requirement is that particles, despite not being able to carry
labels, should be aggregable entities that can be counted, i.e., there should be an observ-
able number operator acting on a corresponding Fock space. Other important stipulations
include that particles should persist in time (at least in free theories) and that the particle
excitations (quanta) should exhibit the appropriate relativistic dispersion relation between
mass, momentum, and energy [2, 3]. As Fraser writes:
Without the mass-energy relation, there would be no grounds for interpreting
the eigenstates of total number operator N as representing definite numbers of
particles rather than merely more examples of discrete energy level states that
are the hallmark of non-relativistic quantum mechanics. However, what special
relativity gives, special relativity also takes away. For free systems, relativistic
assumptions are required to obtain the result that quanta are not localizable in
a finite region of space. [4]
An instinctive means to characterize the localizability of a state is to concoct a position
operator in QFT analogous to that of non-relativistic quantum mechanics (NRQM). The
spectral projections of such an operator can be used to determine the probability of finding
the particle in a certain region of space, given by |ψ(x)|2 for a state |ψ〉. Unlike the momentum
and energy operators, the Poincare´ group does not naturally provide us with an operator that
corresponds to a position observable. Newton and Wigner [5] devised a position operator for
elementary “particles” (i.e., irreducible representations of the Poincare´ group). However, it is
well-known that this operator suffers from issues with superluminal signalling [6]. In a more
general context, Malament’s theorem [7] demonstrates that the only projections satisfying a
short list of reasonable requirements are trivial, suggesting that there cannot be any analogue
of a position operator in a relativistic quantum theory.
Another possibility may be to construct a local number operator, in an attempt to count
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the number of particles in a particular region of space. This is obstructed by a corollary to the
Reeh-Schlieder theorem [8], which has been argued is a result of entanglement in the vacuum
state [9]. A more operational approach to describe the localizability of a state in QFT is
in terms of expectation values of observables restricted to particular regions of spacetime.
A theorem of Hegerfeldt [10–13] demonstrates that fixed particle number states localized in
some region will have an effect on expectation values of observables in spacelike separated
regions. Here we will investigate whether the incompatibility of these requirements is placated
in the non-relativistic regime of the theory, where one expects to recover localizable particle
states.
Why should one insist in characterizing the localizability of fixed particle-number states?
There are both phenomenological and ontological aspects to this question. Of course, ul-
timately it is well-known that the notion of particle is observer-dependent. Despite this,
there are situations where one may be inclined to describe localizable particle states for a
fixed observer. For instance, high energy ‘particle physics’ experiments (e.g., in particle
colliders) as well as low energy quantum information experiments (e.g., single photon detec-
tors) demonstrate particle-like phenomenology that should be accounted for, perhaps using
suitable detector models. Nevertheless, a successful detector model capturing this particle-
like phenomenology may evade—but cannot answer—the ontological aspects of the question.
Philosophers of QFT have offered proposals about why we are allowed ‘particle talk without
particle ontology’ [14]. If relativistic QFT does not admit a particle ontology, it is fair to ask:
what do particle detectors detect? Looking towards low energies, one finds the widespread
applicability of NRQM, a theory in which particle states are localizable by means of their
wavefunction. This seems to imply that NRQM can support a particle ontology, so it is
natural to ask whether one can make contact between the NRQM description of particles
and some appropriate notion in the latent QFT.
Admittedly QFT amd NRQM are very different theories, both at the dynamical and
kinematical level, and recovering features of one from the other cannot come with no cost. The
undertaking of this paper will be to illuminate this connection, by starting with a relativistic
QFT and making suitable approximations to recover features of NRQM. Departing from a
relativistic QFT, we wish to clarify the measures that need to be taken for one to (partially)
land on the somehow safe and familiar grounds of NRQM. Can we recover a position operator
or a local number operator in the non relativistic regime? These questions are based on
the intuition that relativistic QFT, being the best known theory that combines quantum
theory with special relativity, should ‘contain’ its predecessor NRQM. This expectation is
because if QFT is indeed more fundamental than NRQM, then it needs to account for the
experimentally-verified predictions of NRQM. However, one needs to specify what is meant
by the containment of NRQM within QFT, since it is far from straightforward which features
of the predecessor theory can be retrieved. Such a retentionist view is further obscured by the
fact that different theories suggest different ontological commitments, which means that part
of the fundamental ontology of a theory is dropped once the ‘next’ theory is established. Here
particle ontology is dropped in the case of relativistic QFT succeeding NRQM. This means
that even if one is able to identify elements of the mathematical description of the previous
theory, here a wavefunction or a position operator, the interpretation of these objects will be
essentially different. The main challenge is to identify these differences, even in cases that
4
some mathematical elements are relatively easy to retrieve. As we find, the recovery of NRQM
from relativistic QFT is only approximate, and we will discuss how it differs from standard
NRQM. For a philosophical perspective see [15–17], and for recent developments [18].
Another undertaking of this paper is to clarify whether ground state entanglement is a
feature of the relativistic regime of relativistic QFT. At first, this may seem unrelated to
the issue of particle localizability, but the Reeh-Schlieder theorem provides this connection
through the intuition expounded in [9,19]. Also, the presence of entanglement in the ground
state of a relativistic QFT is starkly manifested in the Unruh effect. Since ground state
entanglement is a necessary (although not sufficient) ingredient for both the Reeh-Schlieder
theorem and the Unruh effect, these features would subside in the non-relativistic regime
if the ground state entanglement were to vanish. Of course, there are many non-relativistic
systems (e.g., in condensed matter) with ground states exhibiting entanglement. The focus of
the investigation here is whether ground state entanglement in a relativistic QFT depends on
its relativistic nature. Here we aim to address this by examining whether non-zero measures
of this entanglement persist in the non-relativistic regime of the relativistic QFT.
In Section 2, we review the different Hilbert spaces that one can associate to a free QFT
and how they relate to each other. The continuous tensor product that can naturally acco-
modate the infinite degrees of freedom of the QFT is suitably defined as a Fock space, both in
momentum and in position space (the global and local Fock spaces, respectively). We derive
the Bogoliubov transformation between the local and the global degrees of freedom, which
allows us to concretely compare two different localization schemes in QFT, which we refer
to as ‘standard’ and ‘non-relativistic’. In Section 3, we describe our implementation of the
non-relativistic approximation by means of a bandlimited theory. We identify the subspace
of the QFT Hilbert space where the approximation holds, in order determine whether the
non-relativistic localization scheme faithfully represents the local degrees of freedom in this
subspace. As we find, the answer is negative, but yet it is by means of this scheme that
we can recover features of NRQM in this subspace, as described in Section 4. The cutoff
we need to recruit to implement the non-relativistic approximation non-trivially affects the
local degrees of freedom and the entanglement that they share. In Section 5, we quantify the
remaining entanglement between these local degrees of freedom. These considerations reduce
to examining the expression for the β-coefficients in the Bogoliubov transformation between
the local and global annihilation and creation operators. Here we consider the non-relativistic
dispersion relation as an approximation to the relativistic one, but many of the conclusions
would qualitatively hold for quantum field theories with more general dispersion relations, as
occur with condensed matter systems, sonic analogues [20,21], and quantum gravity inspired
effective Planck-scale corrections [22–26].
2 Background: Local and global Fock spaces
In this section, we review two quantization schemes (called local and global) for a massive
real Klein-Gordon field, as well as how these two schemes are related to each other. This
will serve to establish notation and to emphasize aspects which will be important for the
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subsequent discussion.
2.1 The Hilbert space zoo of QFT
The Hilbert space that is most commonly attributed to a free QFT is a Fock space. If we
aspire to describe a free QFT in terms of particles, and demand that particles are entities
that can be counted by an observable number operator, then the full Hilbert space of the
QFT should decompose into a direct sum of fixed particle number subspaces. Explicitly, if
the single-particle subspace is described by a Hilbert space, H, then the corresponding Fock
space is:
F [H] :=
∞⊕
n=0
(H⊗n)S,A = C⊕H⊕ (H⊗2)S,A ⊕ · · · , (1)
where the subscripts S and A denote symmetrization and anti-symmetrization of the tensor
product, for bosonic or fermionic particles respectively. Given a particular QFT, one can
build many different Fock spaces to use as the state space. The number operators associated
with each of these Fock spaces are used to count different entities. Furthermore, it is a unique
feature of quantum theories of infinite degrees of freedom that there exist unitarily inequiva-
lent representations of the canonical commutation relations, due to the absence of an analogue
of the Stone-von Neumann theorem [27, 28]. As a result, some of these Fock spaces may be
unitarily inequivalent1, and the associated notions of counting will be incommensurable.
The typical starting point for concretely constructing the state space of a QFT is through
recruiting the analogy with an infinite collection of harmonic oscillators, either in position or
momentum space. The corresponding Hilbert space is then formally defined as the infinite
tensor product over this collection of harmonic oscillators. The most naive quantization
procedure for a massive real Klein-Gordon field begins by viewing the Hamiltonian written
in position space as a collection of harmonic oscillators, labelled by the position x (in n
spatial dimensions) and coupled through the spatial derivative,
H =
1
2
∫
dx [c2Π(x)2 + (∇Φ(x))2 + k2cΦ(x)
2], (2)
where kc := mc/~ is the wavenumber associated with the Compton scale. One can then
proceed to construct a Fock space for each x by defining local annihilation (and corresponding
creation) operators as,
bˆx :=
√
m
2~2
Φˆ(x) +
i√
2m
Πˆ(x). (3)
These annihilation and creation operators are deemed local because they are labeled with
the same point, x, as the field operators, but also because they diagonalize the “uncoupled”
terms in the Hamiltonian, i.e.,
1
2
∫
dx [c2Πˆ(x)2 + k2c Φˆ(x)
2] =
1
2
∫
dxmc2(bˆ†xbˆx + bˆxbˆ
†
x). (4)
1When referring to unitary inequivalence of two Fock spaces, indeed we do not mean that the two Hilbert
spaces are not isomorphic (e.g., any two separable Hilbert spaces are isomorphic), but rather that the rep-
resentations of the algebra generated by a set of operators satisfying the canonical commutation relations
cannot be intertwined using a unitary operator.
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We will consider the Fock space associated with the degree of freedom at the point x to be
that generated by bˆx and bˆ
†
x, explicitly given by Hx := L2(R, dΦ(x)). We then formally take
a continuous tensor product over these Fock spaces to construct a Hilbert space for the full
QFT, ⊗xHx. The most common means of defining such a continuous tensor product leads
to a non-separable Hilbert space [29–31]. Furthermore, it is unclear how to connect this
construction of the full Hilbert space to the general form of a Fock space as defined above.
That is, can one write ⊗xHx ∼= F [H] for some H? It turns out that such a description is
possible using an alternative definition of the continuous tensor product, which also leads to a
separable Hilbert space. This alternative definition uses a construction called the exponential
Hilbert space [32–35], which is applicable if Hx is a Fock space for every x, as is the case in
the QFT considered here. Following [33, 34], we make the identification,
⊗x Hx = ⊗xL2(R, dΦ(x)) ∼= F [L2(Rn, dx)] =: FL. (5)
Thus, we can indeed identify the full Hilbert space of the QFT with a Fock space, which we
will call the local Fock space, FL. Correspondingly, we will denote the total local number
operator by NˆL :=
∫
dx bˆ†xbˆx, and the local vacuum as |0〉L := ⊗x |0〉x (i.e., bˆx |0〉L = 0 for all
x). It may seem that our ability to define these objects is in contradiction with the Reeh-
Schlieder theorem, which implies the non-existence of local number operators. However, we
will see that this is not the case, as the Reeh-Schlieder theorem is formulated in the context
of a different Fock space construction.
Distinct from the local quantization, the most popular quantization scheme, as seen in
most particle physics textbooks, is to quantize the normal modes of the free Hamiltonian of
the theory. In flat spacetime, the normal modes for the free Klein-Gordon theory are simply
plane waves. In Fourier space, the Hamiltonian is:
H =
1
2
∫
dk
(2π)n
[
c2|Πk|2 + ω
2
k
c2
|Φk|2
]
, (6)
with ωk := c
√
k2 + k2c . The Fock space for mode k is constructed with annihilation (and
corresponding creation) operators,
aˆk :=
√
ωk
2~c2
Φˆk + i
√
c2
2~ωk
Πˆk, (7)
and can be written as2 Hk := L2(C, dΦk). In a similar manner to the above identification for
the continuous tensor product with the local Fock space, we have
⊗k Hk = ⊗kL2(C, dΦk) ∼= F [L2(Rn, dk)] =: FG. (8)
We will refer to this Fock space as the global Fock space, FG, in contrast with the local
Fock space, FL, defined above. The corresponding total global number operator is NˆG :=
2Note that we are using a slight abuse of notation: since we are only considering real-valued fields,
the functions in this space must satisfy the constraint Φ∗k = Φ−k. However, this technical point will not
be of concern in the following discussion as it is accounted for implicitly by writing the field operator as
Φˆk =
√
~c2
2ωk
(aˆk + aˆ
†
−k).
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∫ dk
(2pi)n
aˆ†kaˆk, and the global vacuum state is defined to be |0〉G := ⊗k |0〉k (i.e., aˆk |0〉G = 0
for all k). Of course, the global number operator commutes with the Hamiltonian and the
global vacuum is its ground state.
One purpose of choosing the normal mode (or global) quantization scheme is that if we
insist on particles being entities that can be counted, then they should also have an element
of persistence. (Of course, this will not be appropriate for interacting theories, however the
localizability issues we are considering here are present even in the case of free theories.
That being said, the discussion may also be relevant for the free theories one identifies with
the asymptotic future and past of interacting theories, but we will not pursue this further
here.) A means of formalizing the requirement of persistence is to demand that the particle
number be conserved in time, i.e., the number operator of the Fock space should commute
with the Hamiltonian. For the free Klein-Gordon theory, this is only true of the global
number operator. Another appeal of the global quantization is that the entities created with
aˆ†k exhibit the appropriate relativistic dispersion relation between mass, momentum, and
energy: Hˆ
(
aˆ†k |0〉G
)
=
√
c2~2k2 +m2c4
(
aˆ†k |0〉G
)
.
Of course, one would not expect an excitation of the form aˆ†k |0〉G to exhibit any sensible
notion of localizability, since the normal modes of the Klein-Gordon field are supported
everywhere in space. A simple remedy would seem to be to define a wavepacket state of
the form |Ψ〉 = ∫ dk
(2pi)n
f˜(k)aˆ†k |0〉G, which lies in the single-particle subspace of the global
Fock space and exhibits the appropriate dispersion relation in each branch of the momentum
superposition. It seems that one could then choose a wavepacket, f˜(k), so that its Fourier
transform is arbitrarily well localized in space, while retaining the appealing features of the
global quantization. However, this is only illusory, for it turns out that it is not appropriate
to characterize the localizability of this wavepacket state with the Fourier transform of f˜(k).
The reasoning for this stems from how this Fourier-transformed space relates to the local
operators associated with the local Fock space. The remainder of this section is devoted to
elucidating this relationship.
2.2 Relating the local and global Fock spaces
The first step will be to examine how the local and global Fock spaces relate to each other.
The relationship is most clearly seen through the Bogoliubov transformation between the
creation and annihilation operators of the two quantization schemes:
bˆx =
∫ dk
(2π)n
eik·x
[
c+(k)aˆk − c−(k)aˆ†−k
]
, (9)
where
c±(k) :=
1
2
[
(1 + (k/kc)
2)1/4 ± (1 + (k/kc)2)−1/4
]
. (10)
The fact that there is mixing between the local and global annihilation and creation opera-
tors demonstrates that the counting is different in the two Fock spaces FL and FG. Indeed,
the assertion of the Reeh-Schlieder theorem is that there cannot be local number opera-
tors counting the particles of the global Fock space, FG. Moreover, one can show that the
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two representations are unitarily inequivalent (see Appendix A). Hence these two notions of
counting are incommensurable in the sense that the expectation value of NˆL on any state of
FG diverges (and vice-versa).
That the local and global Fock spaces are different clearly demonstrates that the ground
state of the Hamiltonian is not the local vacuum,
|0〉G = ⊗k |0〉k 6= |0〉L = ⊗x |0〉x (11)
(in fact, they do not even lie in the same space). Intuitively, this seems to indicate that the
local degrees of freedom are entangled in the ground state (global vacuum). As discussed
in [9], it is precisely this entanglement which is responsible for preventing the existence of
local number operators counting the particles of FG. We will reconsider this ground state
entanglement between local degrees of freedom in Section 5, after making the non-relativistic
approximation of the field theory.
2.3 Two localization schemes in QFT
In the above quantization schemes, we began by writing degrees of freedom labeled by points
in either position or momentum space, and then formally constructed the Hilbert space by
taking a tensor product over these labels. We then proceeded to identify this full space with a
corresponding Fock space. The Fock space picture is useful when discussing particle notions,
but we do not want to abandon the tensor product description altogether, as this is how one
can identify subsystems of the field, which is useful, e.g., if one is interested in entanglement.
There are many ways one can choose such a tensor product structure and arrive at the
same Fock space. For example, suppose we have a basis, {fi(x)}i, for the space of clas-
sical field configurations. Then we can define coefficients of the classical fields as Φi :=∫
dxfi(x)Φ(x) and construct the full Hilbert space by again using the analogy with a collec-
tion of harmonic oscillators, but now labeled by the elements in the basis. Explicitly, we can
formally write the full Hilbert space as ⊗iL2(R, dΦi), where each of the sectors labeled with i
is constructed as a Fock space with the annihilation operators bˆi :=
√
m
2~2
Φˆi +
i√
2m
Πˆi =∫
dxfi(x)bˆx. Note that we can reconstruct the continuously labeled field and annihila-
tion operators by Φˆ(x) =
∑
i Φˆifi(x) and bˆx =
∑
i bˆifi(x). Since the transformation be-
tween the two sets of annihilation operators does not mix with the creation operators, then
clearly this new set of annihilation and creation operators generate the local Fock space, i.e.,
⊗iL2(R, dΦi) ∼= F [L2(Rn, dx)].
We can view the expression of the annihilation and creation operators in the basis {fi(x)}i
as simply a change of basis in the single-particle subspace. Conversely, every change of basis
in the single-particle subspace of the Fock space corresponds to a different tensor product
decomposition of the full Hilbert space. In this sense, changing a basis in this subspace can
be seen as a rearrangement of the degrees of freedom, or a different infinite collection of
harmonic oscillators through which we are describing the quantum field theory. However,
these changes of bases do not exhaust all of the possible tensor product structures (hence
subsystem decompositions) which are available, since they cannot change the Fock space.
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We have already seen this above, where we took a tensor product over normal modes and
arrived at a different Fock space.
Of course, we can perform these changes of basis in the global Fock space as well. For
instance, one could use a plane wave basis to define the Fourier transforms of the global
annihilation and creation operators,
aˆy :=
∫
dk
(2π)n
eik·yaˆk. (12)
Notice that these new set of annihilation and creation operators characterize the Fourier-
transformed wavepacket states we had discussed above, i.e.,
|Ψ〉 =
∫ dk
(2π)n
f˜(k)aˆ†k |0〉G =
∫
dyf(y)aˆ†y |0〉G , (13)
where f˜(k) is the Fourier transform of f(y). Above we considered the possibility that one
could choose an arbitrarily well localized wavepacket, f(y), to obtain a localized state of
the field theory which exhibits the desirable features of the global quantization (such as
persistence in time and obeying the appropriate relativistic dispersion relation). However, the
issue in doing so is that the function f(y) does not appropriately characterize the localizability
of the wavepacket in space.
To see this, first we note that in the above wavepacket state, the amplitude of the function
f at y determines the amplitude of the excitation created with aˆ†y. Hence, if this function
is highly peaked around a particular point y, we can consider this excitation to be created
“at y”. However, perhaps counter to naive expectations, this y does not correspond to a
point in space. We can see this by first combining the definition (12) and the Bogoliubov
transformation (9):
aˆy =
∫
dx[F+(y − x)bˆx + F−(y − x)bˆ†x], (14)
where F±(y − x) :=
∫ dk
(2pi)n
eik·(y−x)c±(k). We stated above that the local annihilation and
creation operators, bˆx and bˆ
†
x, are labeled by points in space since they are directly related
to the local field operators. Therefore, one sees from this Bogoliubov transformation that
the operators aˆy and aˆ
†
y act non-locally. The degree of non-locality is governed by the
integral kernels F±, which decay asymptotically as F± ∼ e−kc|y−x|. Hence the non-locality
of the operators aˆy is suppressed exponentially at distances much larger than the Compton
wavelength of the field.
Note that from the definition of aˆy, it follows that |0〉G = ⊗y |0〉y, since the two sets of
operators generate the same Fock space (and, in particular, annihilate the same vacuum).
Therefore, there is clearly no vacuum entanglement between the y degrees of freedom in the
ground state of the field theory.
Hence, we arrive at two different localization schemes for our QFT: that defined in (3)
using the local operators, which we will refer to as the ‘standard’ localization scheme, and
the other defined in (12) using the Fourier-transformed global operators. Features of the
two localization schemes have been investigated in [14, 36]. In the literature, the operators
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aˆy and aˆ
†
y are commonly introduced as non-relativistic field operators (see, e.g., [36–38]). A
summary of the main features of the two localization schemes is provided in Table 1.
Table 1: Summary of the localization schemes.
Non-relativistic: aˆy, aˆ
†
y Local: bˆx, bˆ
†
x
Fourier transforms of aˆk, aˆ
†
k Bogoliubov mixing of aˆk, aˆ
†
k
non-locally related to Φˆ(x), Πˆ(x) locally related to Φˆ(x), Πˆ(x)
act in FG act in FL, not FG
|0〉G = ⊗y |0〉y |0〉G 6= ⊗x |0〉x
One might expect that these operators coincide with the local annihilation and creation
operators in the non-relativistic regime. This would also be consistent with the observation
that the degree of non-locality of the integral kernels F± in (14) decays exponentially beyond
the Compton scale, and hence this non-locality may become insignificant in this regime.
One would then be able to use these non-relativistic field operators to define localizable
particle states exhibiting the features of the global quantization. Furthermore, if the two
localization schemes were to coincide in the limit, the local and global vacua would also
coincide, indicating that any entanglement between the local degrees of freedom would be
unobservable in this limit. Intuitively, this would have the consequence of lifting obstructions
to particle localizability due to the Reeh-Schlieder theorem.
All of this would be a simple and consistent story, if only it were true. It turns out
the reasons the ‘non-relativistic’ scheme is appropriate in the non-relativistic regime (thus
justifying the terminology) is more subtle, as we will now discuss.
3 Aspects of the non-relativistic approximation
In this section we will describe the manner in which we will implement the non-relativistic
approximation for the Klein-Gordon theory described above. In the literature, there are
different approaches for making this approximation; one can find methods using the WKB
approximation or similar techniques [38–40], others using a group theoretic perspective [41,
42], and yet others using a renormalization perspective [43–45]. Often in these approaches,
one finds either the implicit or explicit assumption of an ultraviolet cutoff that can suitably
impose the “small momentum” condition. Here we will be careful to be explicit about this
assumption, as it will have implications for our following investigation into localizability and
vacuum entanglement.
3.1 Requirement of an ultraviolet cutoff
For a single classical particle, the non-relativistic approximation can be stated in terms of
an expansion of the energy to second order in |p|/mc, i.e., E = √m2c4 + p2c2 ≈ mc2 +
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p2/2m. For a quantum particle, we use the de Broglie relation p = ~k to conclude that the
appropriate expansion is to second order in |k|/kc.
There are perhaps different means through which one could go about formally implement-
ing this approximation. For a single-particle wavepacket of the form
∫ dk
(2pi)n
ψ(k)aˆ†k |0〉G, one
may consider declaring that such particles are ‘slow’ if the expectation value and the vari-
ance of the momentum is small. For example, this could be achieved by restricting the set of
allowable wavepackets to those with suitably quick decay at large momenta. However, this
space fails to be a closed linear space, which is a requirement if we want the resulting space
to form a Hilbert space. Because this space of wavepackets will ultimately be the state space
we use for NRQM, it seems that this requirement is appropriate so that we recover important
structural features of NRQM, such as the spectral theorem for observables restricted to this
subspace. The cost of enforcing this requirement is to impose a cutoff on the set of allowable
wavenumbers, i.e., the support of these wavepackets should be restricted to |k| < Λ, where
Λ is a cutoff such that Λ/kc ≪ 1. The corresponding single-particle Hilbert space (called
bandlimited wavefunctions) will be denoted B(Λ). Imposing a sharp cutoff of this kind also
confines us to a set of states where particle pair creation cannot occur (in an interacting
theory). Since particle creation and annihilation is a fundamental difference between QFT
and NRQM, this seems an appropriate restriction, as a softer cutoff would always provide a
non-zero amplitude for these processes. Notice also that imposing such a cutoff picks out a
preferred frame (that is, we break the Lorentz-invariance of the theory at this stage), but of
course there should not be a frame-independent notion of ‘slow’.
It is straightforward to extend this to multiparticle states. If we consider a two-particle
state
∫ dk1
(2pi)n
dk2
(2pi)n
ψ(k1,k2)aˆ
†
k1
aˆ†k2 |0〉G, then the appropriate restriction would be to limit the
support of the wavepacket in both variables to |k1|, |k2| < Λ. This is because we want
the momenta of each of the particles to be small, and not the total momentum, for example.
Hence, the two-particle subspace should be identified with (B(Λ)⊗2)S, and similarly for higher
particle-number subspaces. Overall, we arrive at a Fock space constructed with symmetrized
tensor products of B(Λ), namely F [B(Λ)]. This is a subspace of the global Fock space, since
B(Λ) ⊂ L2(Rn, dk) =⇒ F [B(Λ)] ⊂ F [L2(Rn, dk)] = FG. (15)
One can also think of this bandlimited Fock space as obtained by removing (tracing out)
the set of degrees of freedom associated with wavenumbers above the cutoff, i.e.,
F [B(Λ)] ∼= ⊗|k|<ΛL2(C, dΦk) ⊂ F [L2(Rn, dk)] ∼= ⊗kL2(C, dΦk). (16)
As has been studied in [46], bandlimitation has a non-trivial effect on the structure of local
degrees of freedom and entanglement of the field. We will return to explicitly discuss these
effects in Subsection 4.3 and Section 5 (respectively). Regardless of whether the cutoff is
introduced for fundamental or for phenomenological reasons, all of the implications of ban-
dlimitation need to be taken into account. In [46], quantum gravity considerations motivated
introducing a cutoff at the Planck scale. For the purposes of the non-relativistic approxi-
mation, the size of the cutoff is rather set by the Compton scale. An operational means
through which one could motivate introducing such a cutoff is through an interface with a
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probing system which couples only to this subset of modes. This could occur, for example, in
a detector model which couples to the field via a bandlimited smearing function, intuitively
corresponding to a large detector (compared to the Compton wavelength of the field). We
can consistently describe the physics restricted to F [B(Λ)] ∼= ⊗k<ΛL2(C, dΦk), since in the
free theory each k sector is decoupled.
We began this discussion by considering wavepackets formed with the global creation
operators and seemingly abandoned the local Fock space associated with the local annihilation
and creation operators bˆx and bˆ
†
x. We choose to focus on the global Fock space as it is these
particle excitations which exhibit the correct dispersion relation and are preserved in time.
If we are to hope to end up with a non-relativistic theory for fixed particle number states,
with the Schro¨dinger equation as the equation of motion for these wavepackets, then we
must choose to focus on states residing in the global Fock space. However, we will return to
consider the relevance of the local operators in the non-relativistic regime.
The bandlimited Fock space, F [B(Λ)], is the space from which we will draw non-relativistic
wavefunctions. Because this is a subspace of the global Fock space, it is straightforward to
define the restriction of operators from the field theory to this subspace. For example, the
total momentum operator becomes
Pˆ
∣∣∣F [B(Λ)] =
∫
|k|<Λ
dk
(2π)n
~kaˆ†kaˆk, (17)
which we see is simply a restriction of the integration range of the k values.
3.2 Operator approximations
Once an operator written as an integral over wavevectors has been bandlimited, one is able
to expand the integrand in powers of |k|/kc ≤ Λ/kc ≪ 1. The non-relativistic approximation
entails keeping terms up to second order in this ratio. More concretely, let us consider again
the Bogoliubov transformation (9). After introducting a cutoff, we can write the bandlimited
local annihilation operator using the (inverse) Bogoliubov transformation:
bˆx =
∫
|k|<Λ
dk
(2π)n
eik·x
[
c+(k)aˆk − c−(k)aˆ†−k
]
, (18)
with c±(k) := 12
[
(1 + (k/kc)
2)1/4 ± (1 + (k/kc)2)−1/4
]
. Since c±(k) are analytic at 0, we can
expand these in a Maclaurin series in |k|/kc < Λ/kc ≪ 1. To second order, these become
c+(k) ∼ 1 and c−(k) ∼ 14(k/kc)2. Keeping up to second order terms, we can insert these into
the above Bogoliubov transformation to get
bˆx =
∫
|k|<Λ
dk
(2π)n
eik·x
[
aˆk − 1
4
(k/kc)
2aˆ†−k
]
. (19)
Hence we obtain an operator that is equivalent to the original operator bˆx for modes below the
bandlimit (to second order in Λ/kc). In the following, we will interpret this as the action of bˆx
on the bandlimited subspace in the non-relativistic regime. The extension of this procedure
to other operators written as Fourier integrals is straightforward.
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4 Localizability under the non-relativistic approxima-
tion
In this section we show that the two localization schemes do not coincide in the non-relativistic
regime, and we demonstrate which should serve to salvage NRQM from QFT under the non-
relativistic approximation. We describe the sense in which we recover some of the features
of standard NRQM, e.g., what can play the role of a wavefunction and a position operator.
Despite obtaining analogues of these objects, we find that there remain limitations to the
localizability properties of these wavefunctions. We will also discuss the form that the spatial
degrees of freedom of the field theory and the wavefunctions take after the non-relativistic
approximation.
4.1 Localization schemes in the non-relativistic regime
In Subsection 2.3, we presented both the standard and non-relativistic schemes for charac-
terizing localizability of particle states in a quantum field theory. We also alluded to the
possibility that the non-locality of the non-relativistic operators, inferred from the Bogoli-
ubov transformation (14), may disappear in the non-relativistic regime of the quantum field
theory. In this way, the non-relativistic localization scheme would faithfully represent the
local degrees of freedom in this regime. However, using the tools outlined in Section 3, we
will now demonstrate that the two schemes do not coincide in this regime.
The Bogoliubov transformation (14) between the local and non-relativistic operators will
be the relation of central importance to this demonstration. Introducing a cutoff |k| < Λ
and expanding to second order in Λ/kc, we find
aˆy = bˆy +
∫
dxFΛ−(y − x)bˆ†x, (20)
where FΛ− (y−x) := 14
∫
|k|<Λ
dk
(2pi)n
eik·(y−x)(k/kc)2 is one of the non-local integral kernels from
(14) after the approximation. Therefore, we see that aˆy and bˆy do not coincide in the
non-relativistic regime, but differ by a term which is second order in Λ/kc. This second
order term also shows that aˆy continues to act non-locally in x after the approximation.
Furthermore, introducing a cutoff aggravates this non-locality. Whereas the original function,
F−(y − x) ∼ e−kc|y−x|, decays exponentially beyond the Compton scale, the introduction of
the cutoff causes this integral kernel to decay only polynomially, FΛ−(y−x) ∼ 1/|y−x|(n+1)/2.
Although the situation may appear asymmetric between FΛ+ and F
Λ
− , it turns out one can also
write FΛ+ as a polynomially-decaying integral kernel, but it is easy to check that F
Λ
+(y−x) :=∫
|k|<Λ
dk
(2pi)n
eik·(y−x) acts as the identity on bandlimited functions (i.e., it is a reproducing
kernel). Hence, in particular, bˆy =
∫
dxFΛ+(y − x)bˆx (keeping in mind equation (19)). This
suggests that the cutoff |k| < Λ introduces a fundamental non-locality to both the labels x
and y.
This non-locality is a general feature of bandlimited functions. A first simple observation
concerning localizability is the fact that bandlimited functions cannot have compact support
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in position space, and hence they must exhibit some degree of non-locality. This is a conse-
quence of the fact that bandlimited functions are compactly supported in momentum space
and of Benedicks’ theorem [47], which limits the mutual localizability in position and mo-
mentum space (and closely related to the uncertainty principle). Hence, we will see that the
wavefunctions we obtain will exhibit an intrinsic degree of non-locality. Further, the cutoff
not only affects the operators labeled by y, but also the local operators labeled by x due to
the modified definition (19).
Not only do the two localization schemes differ under the approximation, but the fact that
the annihilation and creation operators mix implies that they continue to generate different
Fock spaces. We can see the effects of this through the construction of so-called ‘quasi-local’
states [19] by acting the local creation operators on the global vacuum. For example, one can
write a single-particle quasi-local state as |Ψ〉 := ∫ dxΨ(x)bˆ†x |0〉G. Notice that this agrees
with the single-particle states of F [B(Λ)], since the Bogoliubov transformation (20) implies
bˆ†x = aˆ
†
x −
∫
dyFΛ− (x− y)aˆy, and so
|Ψ〉 =
∫
dx Ψ(x)bˆ†x |0〉G =
∫
dx Ψ(x)aˆ†x |0〉G , (21)
since aˆy |0〉G = 0. Therefore, the discrepancy between the two schemes is irrelevant for single-
particle states. However, the difference will indeed manifest itself for higher particle-number
states. For example:∫
dx1dx2 Ψ(x1,x2)bˆ
†
x1
bˆ†x2 |0〉G =
∫
dx1dx2 Ψ(x1,x2)aˆ
†
x1
aˆ†x2 |0〉G
−
∫
dx1dx2 Ψ(x1,x2)F
Λ
− (x1 − x2) |0〉G . (22)
Hence acting twice with the local creation operators generates a combination of a two-particle
state and the global vacuum of F [B(Λ)]. It is generally the case that bˆ†x1 · · · bˆ†xN |0〉G will have
non-zero components in particle-number sectors lower than N , in contrast to aˆ†x1 · · · aˆ†xN |0〉G
which is an N -particle state in F [B(Λ)].
Hence we can conclude that the two schemes do not coincide in the non-relativistic regime,
and thus we are forced to choose between them to characterize the localizability of particles
and wavefunctions in the rendition of NRQM that we obtain after the approximation. This
choice is dictated by how closely each scheme can be used to recover the characteristic
features of NRQM. Of course, one of the key physical differences between NRQM and QFT
is that NRQM is a theory of a fixed number of particles. Since the number operator of
the non-relativistic scheme commutes with the Hamiltonian (as opposed to that of the local
operators), this clearly singles out the non-relativistic scheme as the appropriate choice.
Hence, this indeed justifies the use of the term non-relativistic for this scheme.
We remark that this discrepancy has also implicitly appeared in other treatments of the
non-relativistic approximation. For example, in [38], a Foldy-Wouthuysen transformation is
applied before the approximation in order to decouple the evolution of the local operators,
bˆx and bˆ
†
x. One can show that the Foldy-Wouthuysen transformation of [38] is exactly the
Bogoliubov transformation (14), mapping the local to the non-relativistic operators. Hence,
our description of NRQM (aside from our explicit treatment of the cutoff) in terms of the
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non-relativistic operators is consistent with these previous works, where the transformation
is applied manually in traversing from QFT to NRQM. Although this transformation can
be viewed as simply a change of representation [38, 48], the fact remains that the NRQM
operators are non-local combinations of the field operators (and mix the local annihilation
and creation operators). In [48], the local and non-relativistic representations (in the spin-1/2
case) were dubbed “the two faces of the electron.”
4.2 Salvaging NRQM from QFT
Now we will proceed to examine which aspects of NRQM can be salvaged from the Klein-
Gordon QFT after the non-relativistic approximation. First, in addition to the non-relativistic
approximation, we must restrict attention to a particular N -particle subspace of F [B(Λ)].
The wavefunctions of NRQM of N -particles will be wavepacket states of the form
|Ψ〉 := 1√
N !
∫
dy1 · · · dyN Ψ(y1, . . . ,yN) aˆ†y1 · · · aˆ†yN |0〉G , (23)
where the factor of 1/
√
N ! is added for convenience.
Typically in such discussions, one then naturally proceeds to consider time evolution of
these states. First, let us examine the restriction of the Hamiltonian operator associated with
(2) to the subspace F [B(Λ)]. Expanding the dispersion relation to second order in Λ/kc, we
have
Hˆ
∣∣∣F [B(Λ)] = 12
∫
|k|<Λ
dk
(2π)n
(
mc2 +
~
2k2
2m
)
(aˆ†kaˆk + aˆkaˆ
†
k) (24)
=
1
2
∫
dy
[
mc2(aˆ†yaˆy + aˆyaˆ
†
y)−
~
2
2m
(aˆ†y∇
2aˆy + aˆy∇
2aˆ†y)
]
. (25)
We see that in fact it takes the form of a non-relativistic Hamiltonian, with an appropriate
kinetic terms plus a mass energy density term.
Recall that the full relativistic Hamiltonian is local in space (labeled by x),
Hˆ =
1
2
∫
dx [c2Πˆ(x)2 + (∇Φˆ(x))2 + k2c Φˆ(x)
2] (26)
=
1
2
∫
dx
[
mc2(bˆ†xbˆx + bˆxbˆ
†
x)−
~
2
2m
(bˆx + bˆ
†
x)∇
2(bˆx + bˆ
†
x)
]
. (27)
However, the full relativistic Hamiltonian written in terms of the non-relativistic localization
scheme is
Hˆ =
1
2
∫
dk
(2π)n
~ωk(aˆ
†
kaˆk + aˆkaˆ
†
k) =
1
2
∫
dy′dyf(y′ − y)(aˆ†y′ aˆy + aˆyaˆ†y′), (28)
where f(y′ − y) := ∫ dk
(2pi)n
~ωke
ik·(y′−y) is a non-local integral kernel. Comparing (25) with
(28), we see that the non-relativistic approximation seems to remove the non-locality asso-
ciated with the integral kernel f , and we obtain a Hamiltonian which appears local in y
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space. However, this observation is somewhat deceptive, since the cutoff |k| < Λ introduces
non-locality in the functions over y.
Since the N -particle subspace of F [B(Λ)] is preserved in time, the time-dependence of
the wavepacket states (23) can be absorbed into the smearing function which encodes the
coefficients of the state in this subspace, i.e.,
|Ψ(t)〉 := 1√
N !
∫
dy1 · · · dyN Ψ(y1, . . . ,yN ; t) aˆ†y1 · · · aˆ†yN |0〉G . (29)
One can then translate the abstract time evolution of this state under the Hamiltonian (25),
i~ d
dt
|Ψ(t)〉 = Hˆ |Ψ(t)〉, into a differential equation for the smearing function Ψ(y1, . . . ,yN ; t).
It is easy to see that the smearing function indeed satisfies the quantum mechanical Schro¨dinger
equation,
i~∂tΨ(y1, . . . ,yN ; t) =
(
E0 +mc
2N − ~
2
2m
N∑
i=1
∇
2
i
)
Ψ(y1, . . . ,yN ; t), (30)
where E0 is the zero-point energy. Note that we make contact between QFT and NRQM
by associating the smearing function in the N -particle subspace with the non-relativistic
wavefunction, and not the field operator as would be suggested by the archaic use of the
term ‘second quantization’. Indeed, this is the only manner in which one could arrive at a
multi-particle Schro¨dinger equation.
However, NRQM exhibits more structure than simply the Schro¨dinger equation; we need
to further justify how the smearing function imitates the familiar NRQM wavefunction under
this approximation. For instance, the wavefunction Ψ(y1, . . . ,yN) would typically represent
the probability amplitude for measuring N particles at the points y1, . . . ,yN . Do the wave-
functions we obtain here have such an interpretation? Does the label yi correspond to an
eigenvalue of a position-type operator satisfying the Heisenberg algebra? Do we recover a
Born rule and state-update rule for these wavefunctions?
Ordinarily a quantum mechanical wavefunction is defined over space by Ψ(x1, . . . ,xN) :=
〈x1, . . . ,xN |Ψ〉, where |x1, . . . ,xN 〉 is an element of a position basis provided by the position
operators, xˆ1, . . . , xˆN , of theN particles. In order to describe bosonic (or fermionic) particles,
this wavefunction must be symmetrized (or antisymmetrized) over the particle labels. In
QFT, we do not naturally have position operators to provide us with such a basis; the
arguments, yi, of the smearing function rather label the infinite degrees of freedom of the non-
relativistic localization scheme. For the wavepackets (23) in the bosonic Klein-Gordon field,
the symmetrization of the particle labels occurs automatically due to [aˆ†y, aˆ
†
y′] = 0. However,
after this symmetrization, in both the QFT and NRQM cases, one cannot have a physical
position operator xˆi for the i
th particle as it would not map the symmetric subspace into
itself. Despite this, on physical grounds there should be a means of describing measurements
of distance between identical particles. Although this is clearly an important issue, we will
not resolve it here, since the problem is also present in NRQM and not a distinct feature of
localizability issues in QFT. At least, we can define a center-of-mass position operator which
is conjugate to the total momentum operator of the QFT, namely
Xˆ := Nˆ+
∫
dy y aˆ†yaˆy, (31)
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where Nˆ+ is the pseudo-inverse of Nˆ . The formal eigenstates of this position operator are:
|y1, . . . ,yN〉 ≡
1√
N !
aˆ†y1 · · · aˆ†yN |0〉G , (32)
with eigenvalues 1
N
∑N
i=1 yi. This operator satisfies the Heisenberg algebra with the total
momentum operator:
[
Xˆ, Pˆ
T
]
=
[
Nˆ+
∫
dy y aˆ†yaˆy,
∫
|k|<Λ
dk
(2π)n
~kT aˆ†kaˆk
]
= i~1n(1F [B(Λ)] − |0〉G 〈0|G), (33)
where 1n is used to denote the fact that the Heisenberg algebra is satisfied component-
wise for each of the n spatial components of these operators, and the projector (1F [B(Λ)] −
|0〉G 〈0|G) represents the identity on the Fock space, except the zero-particle subspace which
is annihilated by both Xˆ and Pˆ .
Alas, at present it is not clear how to concoct a complete set of position observables
for the non-relativistic wavefunctions we obtain from the QFT (except the single-particle
subspace where the above center-of-mass position operator suffices). Nevertheless, we can
build sets of measurement operators associated with asking questions of the kind: “What is
the probability of finding one of the N particles in a region ∆ ⊂ Rn?” Such measurements
can serve to approximately characterize the localizability of these states (not fully, since there
remains a discrepancy between x-space and y-space). The measurement operators can be
constructed in the N -particle subspace using the formal position eigenvectors (32):
P
(N)
∆ :=
∫
∆
dy1
∫
dy2 · · · dyN |y1, . . . ,yN〉 〈y1, . . . ,yN | . (34)
The expectation value of these operators over an N -particle state (23) yields
〈Ψ|P (N)∆ |Ψ〉 =
∫
∆
dy1
∫
dy2 · · ·dyN |Ψ(y1, . . . ,yN)|2. (35)
If one is agnostic as to the total number of particles, then one could use the operator P∆ =∑∞
N=1 P
(N)
∆ defined over the total bandlimited Fock space. It is straightforward to construct
measurement operators for similar types of questions.
Hence we see that these wavefunctions are indeed associated with probability amplitudes
associated with these kind of measurements which aim to localize these particles. However,
interpreting these measurements is not as straightforward as it may seem. As we mentioned
above, the cutoff causes the wavefunctions to exhibit a kind of non-locality, and this gives
these measurements some unintuitive features. First, note that these measurement operators
are not projectors, as one can easily verify (P
(N)
∆ )
2 6= P (N)∆ . This is a consequence of the fact
that the formal eigenvectors (32) of the position operator are not orthogonal because of the
cutoff. For example,
〈y′|y〉 =
∫
|k|<Λ
dk
(2π)n
eik·(y
′−y) 6= δ(y′ − y). (36)
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Hence this collection of formal position eigenvectors form a frame rather than an orthonormal
basis. Note that the possibility that these formal eigenvectors do not form an orthonormal
basis is due to the fact that the position operator we constructed is not essentially self-adjoint3
[49, 50]. Nevertheless, the operators P
(N)
∆ are clearly positive, hence the measurements we
have described are associated with a POVM-type measurement.
Due to the fact that these measurement operators are elements of a POVM, and not
projectors, prevents us from being able to write a state-update rule because we do not have
the Kraus operators associated with the measurement. Generally, the measurement theory
which corresponds to “observables” of this kind is unclear. Note that such objects do not
only appear in such esoteric contexts; indeed, one also arrives in a similar situation when
dealing with momentum and Hamiltonian operators for a particle in an infinite potential well
(however, in some cases there are physically-motivated ways to resolve the difficulties [51,52]).
We leave further investigation into these issues as future work.
In a relativistic setting, a theorem of Hegerfeldt [10–12] trivializes POVM elements that
one might wish to associate with spatial regions, similar to how Malament’s theorem [7] triv-
ializes projectors. The key relativistic assumption is the requirement that there should be a
finite speed of propagation [10–12]. This is violated in both cases by energy positivity [10–13].
The fact that we can construct non-trivial POVM elements (34) in the non-relativistic regime
suggests that this requirement from relativity contributes to trivializing the spatial POVMs.
Of course, the localizability expressed in terms of these elements will suffer from superlumi-
nal propagation. In our case, technically this is due to the fact that the ultraviolet cutoff
breaks the Lorentz-invariance of the theory. However, this is not an issue since superluminal
propagation is also an aspect of NRQM. The point is that we recover tools for characterizing
localizability of states, despite their ‘pathological’ propagation which can be attributed to
the non-relativistic approximation.
4.3 Local degrees of freedom and sampling theory
An aspect of the recovered theory which is incongruous with the usual structure of NRQM is
that the space consists of wavefunctions which are bandlimited, not the full space L2(R
n). Of
course this makes sense because physically we know NRQM does not apply at large velocities,
so it should disagree with QFT in this regime. However, localizability of bandlimited func-
tions is a delicate issue; this property has important implications regarding the arrangement
of the spatial degrees of freedom in the field theory. These implications will be particularly
important for the discussion in Section 5. In this subsection, we will describe a framework
that can be used to interpret these features.
Initially we had labeled points in space by x, and the corresponding degrees of freedom
through Φˆ(x) and Πˆ(x). We then constructed the local Fock space through taking a tensor
product over x labeling these degrees of freedom. The bandlimited Fock space we used for
3One can see this by observing that the bandlimitation causes Xˆ to have a finite minimum uncertainty,
hence it cannot have any eigenvectors [49, 50]. For example, for a single-particle in one dimension, the
bandlimitation causes a maximum uncertainty ∆Pˆ ≤ 2Λ, thus the uncertainty principle forces ∆Xˆ ≥ ~/4Λ.
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the non-relativistic approximation has a tensor product structure over k, i.e., F [B(Λ)] ∼=
⊗|k|<ΛL2(C, dΦk). Is there an analogue of the x tensor product decomposition (even if it is
a unitarily-inequivalent representation)? As we shall see, it is not simply a space of the form
⊗xHx. This can be deduced from the fact that the operators Φˆ(x) and Πˆ(x) act non-locally
after introducing the cutoff, which can be seen from the new commutation relations:
[Φˆ(x), Πˆ(x′)] = i~
∫
|k|<Λ
dk
(2π)n
eik·(x−x
′). (37)
For example, for n = 1, this becomes [Φˆ(x), Πˆ(x′)] = i~Λ
pi
sinc[Λ(x − x′)], which decays
∼ 1/|x − x′|. Hence, the operators cannot act on a single factor of a Hilbert space of the
form ⊗xHx. In light of this, is it possible to find an analogue characterization for the spatial
degrees of freedom of the field theory?
For the purpose of clarity in describing the main features of sampling theory, in this
subsection we will employ a cutoff on each of the coordinates of the wavevector k, rather
than the spherically-symmetric cutoff |k| < Λ. We will denote this cutoff by ‖k‖∞ < Λ.
Clearly this will not affect the general features of the expansions under the non-relativistic
approximation, as these norms are equivalent (‖k‖∞ ≤ ‖k‖2 ≤
√
n‖k‖∞, where |k| ≡ ‖k‖2),
and the only condition we required is Λ ≪ kc. It is still possible to prove statements
regarding the sampling theory for the spherically-symmetric case [53, 54], but cutting off
each coordinate reduces the problem to a product of one-dimensional cases for which one
can write down explicit formulas which will be pedagogically useful and will suffice for the
present exposition.
The question of characterizing the spatial degrees of freedom of bandlimited fields was
answered by Shannon sampling theory [55–57] for classical bandlimited functions, and can
be extended to quantum field theory [46, 58–60]. ( [46] also contains a discussion about
localizability in bandlimited quantum fields, albeit the context is a model for Planck-scale
physics.) The basic result of sampling theory for a function, f , with a cutoff ‖k‖∞ < Λ, can
be summarized by the following reconstruction formula:
f(x) =
∑
m∈Zn
K(x,x(α)m )f(x
(α)
m ), where K(x,x
(α)
m ) :=
n∏
i=1
sinc[Λ(xi − (xi)(αi)ni )] (38)
where α ∈ [0, 1)n is an arbitrary parameter, {x(α)m := π(m−α)/Λ}m∈Zn is a set of sampling
points (or a sampling lattice), and we use the notation xi to denote the ith component of
the vector x. The essence of this formula is that the value of the function at any x ∈ Rn
is completely determined by the values of the function on a sampling lattice. The values
of a bandlimited function on a sampling lattice embody the independent spatial degrees
of freedom. Any one of the α-parametrized family of sampling lattices will serve for the
above reconstruction formula, hence one can choose the values on any of the lattices as the
degrees of freedom. One can think of the above reconstruction formula as stating that the
sampling kernels, K(x,x(α)m ), centered at the sample points of one of these lattices form an
orthonormal basis for the space of bandlimited functions, and that the coefficients f(x(α)m )
specify a particular function in this space. The arbitrary parameter α indicates that there
is a parametrized family of bases which are simply translated versions of one another.
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It is straightforward to show that the above reconstruction formula extends to bandlim-
ited quantum fields [46]: Φˆ(x) =
∑
m∈Zn K(x,x
(α)
m )Φˆ(x
(α)
m ). Supporting the claim that the
function values on the sampling lattice exhibit the independent spatial degrees of freedom
of the field theory, we note that these operators satisfy canonical commutation relations
(up to a multiplicative factor) between points on the same sampling lattice (i.e., same α):
[Φˆ(x(α)m ), Πˆ(x
(α)
m′ )] = i~
(
Λ
pi
)n
δmm′. Hence, the analogue of the local Hilbert space for the spa-
tial degrees of freedom in this bandlimited theory is: FΛL := ⊗m∈ZnL2(R, dΦ(x(α)m )) ∼= F [ℓn2 ],
i.e., the local tensor product structure is over lattice points. We also not that one obtains a
different tensor product structure for each of the sampling lattices. However, one can easily
use the reconstruction formula to show that the Bogoliubov transformation between different
lattices contains no mixing between the annihilation and creation operators:
bˆ
x
(α)
m
=
∑
m′∈Zn
K(x(α)m ,x
(α′)
m′ )bˆx(α′)
m′
, (39)
where bˆ
x
(α)
m
:=
√
m
2~2
Φˆ(x(α)m ) +
i√
2m
Πˆ(x(α)m ). Hence regardless of the lattice which is chosen,
one arrives at the same Fock space.
How does this ‘local’ Fock space associated with the sample points compare to the ban-
dlimited Fock space, F [B(Λ)], in which we constructed the N -particle spaces of NRQM? We
have already demonstrated in Subsection 4.1 that they are not the same. In Appendix A, we
show that they remain unitarily inequivalent (due to an infrared divergence), as in the case
of the full local and global Fock spaces.
We also note that the non-relativistic operators also exhibit the bandlimitation property.
For example, one can similarly write
aˆy =
∑
p∈Zn
K(y,y(β)p )aˆy(β)p
. (40)
Of course, because of the remaining discrepancy between the x and y labels, the sampling
lattices in these two spaces are different. That is, one can show the non-local kernel FΛ− in
(20) is such that FΛ− (y
(β)
p −x(α)m ) 6∼ δp,m for any y-sample point y(β)p and any x-sample point
x(α)m .
Therefore, we see that after the bandlimitation introduced in order to enact the non-
relativistic approximation, the resulting tensor product structures akin to the original x and
y tensor product structures are those taken over lattice points. The degrees of freedom of
the field theory after this approximation can be identified with the field values at the sample
points in x-space. Similarly, the wavefunctions of the NRQM we obtain in y-space also
exhibit the sampling property in each coordinate, hence these wavefunctions are determined
by their values on a sampling lattice. Thus, the representation of the wavefunction over all
of y-space is a redundant description. This redundancy is related to the fact that the formal
position eigenvectors, |y1, . . . ,yN〉, form a frame rather than an orthonormal basis. In fact,
this collection of states can be seen as a union of orthonormal bases associated with the
independent points of the sampling lattices [46].
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5 Is the Unruh effect relativistic?
In the previous sections, we showed that one could define bandlimited versions of the local
annihilation and creation operators acting on the bandlimited subspace of the global Fock
space. Although the corresponding number operator does not provide a counting of the
particles associated with this Fock space, one can still ask about the fate of the Reeh-Schlieder
theorem under the non-relativistic approximation. We do not aim here to construct full
analogues of the assumptions which lead to the Reeh-Schlieder theorem in the non-relativistic
regime, but rather use the relation with vacuum entanglement [9] and investigate this instead.
One could also ask the question, out of independent interest, whether vacuum entangle-
ment is a feature of the relativistic regime of the field theory. As we said in the introduction,
we are not implying that ground state entanglement only occurs in relativistic systems, but
rather we are asking whether it occurs only in the relativistic regime of a relativistic QFT.
Intuitively, ground state entanglement is caused by coupling between degrees of freedom in
the Hamiltonian of a theory. However, not all couplings lead to entanglement; indeed, we
saw above that the non-relativistic field operators do not exhibit ground state entanglement,
yet they are coupled through derivative terms in the Hamiltonian. Ground state entangle-
ment is exhibited by systems which are frustrated, i.e., whose free and interaction terms4 of
the Hamiltonian do not commute. In some instances, one can concretely relate measures of
frustration with bounds on ground state entanglement [61]. It is known that the local degrees
of freedom of a Klein-Gordon field are entangled in the ground state, but it is not intuitively
obvious whether the frustration of the couplings is a relativistic effect.
Ground state entanglement in quantum field theory is neatly displayed by the Unruh
temperature, kBTU = ~a/2πc. There are two distinct ways of thinking about the physics
behind this temperature: one in terms of the stimulation of a process involving a counter-
rotating wave type interaction term between an accelerated detector and the field [62] (which
can be extended to more general trajectories), and the other in terms of the thermality of
the reduced state on a half-space caused by entanglement [30,63,64] (which can be extended
to reduced states on more general local subsystems). Here we are interested in the latter.
A naive inspection of the Unruh temperature suggests it should vanish in the limit c → ∞,
hence one would be tempted to conclude that the effect is relativistic. (Note this is similar
to the manner in which one describes the Hawking temperature, kBTH = ~c
3/8πGM , as
exhibiting features of quantum theory, relativity, and gravity, due to the presence of ~, c,
and G.) However, as we discussed previously, the non-relativistic regime does not correspond
to a limit, but rather an approximation to second order in Λ/kc, after introducing a cutoff
Λ. Here we will examine more carefully the requirement of relativity for the presence of the
Unruh effect in relativistic quantum field theory.
An important ingredient in the standard derivation of the Unruh effect (viewed as arising
from entanglement) is the presence of a horizon for a uniformly accelerated observer, which
naturally splits the field into two (entangled) subsystems. Of course, without relativity there
can be no horizons present. However, if there were some other circumstance (within the
4In our case, by interaction term we mean the term of the Hamiltonian which couples the local oscillators,
i.e., the spatial derivative term.
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non-relativistic regime) in which an observer would aptly trace out some local subsystem,
then such an observer would perceive an Unruh-like effect if the local subsystems remain
entangled in this regime. For example, in the relativistic setting, this occurs in situations
where an observer couples locally to the field for a finite period of time. Indeed, there are
many works which refer to such effects as the “Unruh effect” [65, 66]. It is this generalized
sense in which we are using the term throughout the text. Primarily this literature concerns
itself with the responses of detectors coupled to the field. Here we are investigating, in the
non-relativistic regime, whether a contribution to the response of such a detector would arise
from the thermality of local subsystems in the field due to the fact that they are entangled.
As we are interested in isolating the contribution of the response due to entanglement, we
will simply determine whether the local subsystems of the field are entangled in this regime.
5.1 Local degrees of freedom remain entangled
Here we are identifying the Unruh effect with entanglement between local degrees of freedom.
Here we are identifying the points on a sampling lattice as the local degrees of freedom
after the “coarse-graining” induced by the cutoff for the non-relativistic limit. Therefore, in
this context, the Unruh effect is related to entanglement between the field at these sample
points. (See also another perspective in [67], where the herein identified non-relativistic
degrees of freedom were identified as the appropriate coarse-grained degrees of freedom for
the purposes of thermodynamics. There, the entropy of a region of space, as identified by
the non-relativistic localization scheme, was calculated for a global thermal state.)
First, we will demonstrate that the sample points are indeed entangled in the non-
relativistic regime. We begin with the Bogoliubov transformation,
aˆk =
(
π
Λ
)n/2 ∑
m∈Zn
e−ik·x
(α)
m
[
bˆm +
1
4
(k/kc)
2bˆ†m
]
, (41)
where for convenience we will fix α and write bˆm ≡
(
pi
Λ
)n/2
bˆ
x
(α)
m
. The factor
(
pi
Λ
)n/2
is included
in the definition of bˆm so that the commutation relations are properly normalized: [bˆm, bˆ
†
m′ ] =
δmm′. The above expression can be obtained by inverting the Bogoliubov transformation (19)
and using the sampling formula (38). Generally, given a Bogoliubov transformation of the
form,
aˆi =
∑
j
(αij bˆj + βij bˆ
†
j), (42)
we can relate the two vacua by a unitary,
|0〉a = Ne−
1
2
∑
j,k
(α−1β)jk bˆ
†
j
bˆ†
k |0〉b , (43)
provided the two spaces are unitarily equivalent, and the operator (α−1β) exists and is
symmetric. (One can easily show that the latter two conditions always holds for a valid
Bogoliubov transformation.) The factor N is simply a normalization constant.
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In our case, we have
αkm =
(
π
Λ
)n/2
e−ik·x
(α)
m , βkm =
(
π
Λ
)n/2
e−ik·x
(α)
m
1
4
(k/kc)
2, (44)
and
(α−1β)mm′ =
1
4
∫
‖k‖∞<Λ
dk
(2Λ)n
eik·(x
(α)
m −x(α)m′ )(k/kc)2, (45)
which is indeed symmetric. However, as we mentioned above, the bandlimited local and global
Fock space representations are not unitarily equivalent. Nevertheless, we will proceed with the
following formal manipulations to suggest that the local degrees of freedom remain entangled,
and proceed to investigate more carefully in Subsections 5.2 and 5.3. We will denote the
global vacuum, |0〉ΛG := ⊗‖k‖∞<Λ |0〉k, and the local sampling vacuum, |0〉ΛL := ⊗m∈Zn |0〉m.
Therefore, to second order in ‖k‖∞/kc, we can write
|0〉ΛG = N exp

−1
2
∑
m,m′∈Zn
(α−1β)mm′ bˆ†mbˆ
†
m′

 |0〉ΛL
∼ |0〉ΛL −
1
2
∑
m,m′∈Zn
(α−1β)mm′ bˆ†mbˆ
†
m′ |0〉ΛL . (46)
Note that to second order, this state is a combination the vacuum and two-particle states in
the local Fock space, with the terms at higher order lying in higher particle number subspaces.
If we write the states explicitly in a tensor decomposition over lattice points, we get
|0〉ΛG = |00 · · ·〉−
1
2
∑
m 6=m′
(α−1β)mm′ |0 · · ·01m0 · · ·01m′0 · · ·〉− 1√
2
∑
m
(α−1β)mm |0 · · ·02m0 · · ·〉 .
(47)
Such a state is always entangled if an off-diagonal entry of (α−1β) is non-zero (as it is in
our case, which can be easily verified). This is because if one tried to write it as a state of
the form,
|ψ〉 := ⊗m(Am |0〉m +Bm |1〉m + Cm |2〉m), (48)
then one arrives at a contradiction in attempting to match coefficients. The coefficient of
|00 · · ·〉 in |ψ〉 is ∏mAm which must be 1 to second order, which means that (up to global
phases) we must have Am = 1 for all m. Next we have the single-particle components of
|ψ〉, which have coefficients Bm for |0 · · ·01m0 · · ·〉 and must all vanish. Hence we require
Bm = 0 for allm. Now we have a contradiction, since if a particular off-diagonal component
(α−1β)mm′ 6= 0 (withm 6=m′), then we require the coefficient of |0 · · ·01m0 · · · 01m′0 · · ·〉 to
be both BmBm′ = 0 as well as −12(α−1β)mm′ 6= 0 to second order.
Therefore, |0〉ΛG cannot be written as a product state over the x-space sample point
decomposition. Hence we have formally established that there is entanglement between local
degrees of freedom in the ground state of the field in the non-relativistic regime. Now we
investigate whether the entanglement manifests itself in certain entanglement measures for
some simple situations where one can work out explicit expressions. These will also serve to
justify the conclusion of the above formal manipulations. For the following computations, we
will make use of the Gaussian state formalism, the relevant aspects of which we summarize
in Appendix B.
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5.2 Temperature of a single oscillator
First, we examine the reduced state of a single smeared field observable, with smearing
function f . We choose f to be a general normalized (‖f‖2 = 1) bandlimited smearing
function. Thus the subsystem is a single local oscillator generated by Φˆ[f ] :=
∫
dxf(x)Φˆ(x)
and Πˆ[f ] :=
∫
dxf(x)Πˆ(x).
Here we will enforce the bandlimit via the smearing function. For this and the following
subsection, one could use either a spherically-symmetric cutoff, ‖k‖2 < Λ, or a coordinate
cutoff, ‖k‖∞ < Λ. The choice will only affect numerical prefactors. Even though we made
use of the latter cutoff in Subsection 4.3 to establish the form of the local degrees of freedom
of the field in terms of sample points, if one restricts attention to finitely many sample points
then the entanglement calculations can be performed in either case. For a discussion of a
similar situation, see [46].
The reduced state on the subsystem defined by f has a single symplectic eigenvalue,
ν =
1
~
∆Φf∆Πf , (49)
where
∆Φ2f := 〈Φˆ[f ]2〉 =
∫
dk
(2π)n
~c2
2ωk
|f˜(k)|2, (50)
∆Π2f := 〈Πˆ[f ]2〉 =
∫
dk
(2π)n
~ωk
2c2
|f˜(k)|2, (51)
and where f˜(k) is the Fourier transform of f(x). If f has a bandlimit Λ, then it is straight-
forward to show that
ν =
1
2
+ C(Λ/kc)
4 +O((Λ/kc)6), (52)
where C := 1
16
(f˜4 − f˜ 22 ) is a constant, and where
f˜p :=
∫ dk
(2π)n
(k/Λ)p|f˜(k)|2. (53)
Note that generically we can choose f such that f˜4 6= f˜ 22 , and hence C 6= 0. For example, in
the case of n = 1, one can choose f(x) =
√
Λ
pi
sinc[Λ(x− x0)] (i.e., the smearing function for
a sample point centered at x0), in which case C = 1/180. One can then work out that the
von Neumann entropy (corresponding to the entanglement entropy) of the reduced state on
this single oscillator is, to lowest order,
S ∼ C
(
1− log[C(Λ/kc)4]
)
(Λ/kc)
4. (54)
Note that this decays towards zero faster than (Λ/kc)
2 as Λ/kc → 0, hence we consider this to
be in the relativistic regime (the non-relativistic regime being contributions decaying slower
or as slow as quadratically when Λ/kc → 0).
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What can we conclude about the entanglement of a single oscillator? On one hand, we
showed that in the non-relativistic regime the ground state of the field is not fully separable
over local degrees of freedom, yet here we see that nevertheless the entanglement entropy
between one sample point and the rest of the system is zero in this regime. However, this
is simply an artifact of choosing the entropy to quantify entanglement. In the following
subsection we will calculate the logarithmic negativity between two sample points and show
that it is non-zero, hence we can conclude that there is still entanglement in this regime.
However, for a single sample point we can still conclude that the state retains a non-zero
temperature. In analogy with the Unruh temperature characteristic of the Unruh effect,
we can calculate a temperature for our single sample point using the symplectic eigenvalue
we have calculated and identifying the coefficients from the thermal state decomposition in
Eq. (81) of Appendix B:
kBT =
~ωf
log
(
ν+1/2
ν−1/2
) . (55)
Because the symplectic eigenvalue only determines the Boltzmann factor e−~ωf/kBT , one has to
choose an appropriate frequency scale, ωf , to distill a temperature from the Boltzmann factor.
An obvious choice would be to associate the energy scale ~ωf with that of the Hamiltonian
restricted to the oscillator defined by f , namely, Hf = (c
2/2)Π[f ]2 + (ω[f ]2/2c2)Φ[f ]2 where
ω[f ]2/c2 := ‖∇f‖22 + k2c . However, it is not possible to identify a suitable temperature so
that the reduced density matrix of this oscillator takes the form 1
Z
e−βHˆf . Nevertheless, it is
possible to define an effective frequency, ωf , so that the reduced density matrix is a thermal
state of an effective Hamiltonian of the form (c2/2)Π[f ]2 + (ω2f/2c
2)Φ[f ]2. One can identify
this frequency by writing the ground state of the full system and directly computing the
reduced state onto the subsystem defined by f . This is a straightforward calculation and we
will omit it here (for a reference, see [64]). We find that one should choose ωf = c
2∆Πf/∆Φf ,
although we shall see that any other choice will suffice, provided it agrees with the Compton
frequency ωc = mc
2/~ to lowest order in the expansion in Λ/kc.
The above expression for kBT is not analytic at Λ/kc = 0, nevertheless one can show that
the expression decays slower than any polynomial as Λ/kc → 0, i.e., limΛ/kc→0(Λ/kc)n/(kBT ) =
0 for n > 0. Therefore, we can conclude that the temperature of a single local oscillator is
non-zero in the non-relativistic regime. In particular, to leading order,
kBT ∼ mc
2
log[(Λ/kc)
−4]
, (56)
where, in standard fashion, we use f(x) ∼ g(x) to indicate limx→0 f(x)/g(x) = 1. Note that
this leading order term does not depend on the particular choice of the smearing function f
(apart from the condition that it is bandlimited), nor the spatial dimension, nor the particular
choice of frequency ωf (provided it is analytic and equals ωc at zeroth order).
5.3 Logarithmic negativity between two local oscillators
To demonstrate that there is a non-trivial measure of entanglement in the non-relativistic
regime of the field theory, here we will examine the logarithmic negativity between two local
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degrees of freedom of the field. These local degrees of freedom will be defined by two smearing
functions, f1 and f2, which we will assume are bandlimited and are orthonormal, so that
(fi|fj) =
∫
dxfi(x)fj(x) =
∫
dk
(2π)n
f˜ ∗i (k)f˜j(k) = δij . (57)
For simplicity, we will also assume that |f˜1(k)| = |f˜2(k)|, so that the local uncertainty of the
oscillators are the same, i.e., ∆Φ2f ≡ ∆Φ2f1 = ∆Φ2f2 . Similarly, we will have ∆Π2f ≡ ∆Π2f1 =
∆Π2f2 . This assumption is made only to simplify the form of the result, and will suffice for the
purposes of the current demonstration. Intuitively this requirement is stating that the two
subsystems are simply translated versions of one another; for example, in the bandlimited
theory these could be f˜i(k) =
(
pi
Λ
)n/2
e−ik·xiχ(‖k‖∞ < Λ), where x1 − x2 = Nπ/Λ and
N ∈ Zn (i.e., x1 is x2 translated by an integral number of lattice spacings).
The correlation matrix for the Klein-Gordon field theory, restricted to these two oscilla-
tors, is:
Σ =


∆Φ2f 0 Φ12 0
0 ∆Π2f 0 Π12
Φ12 0 ∆Φ
2
f 0
0 Π12 0 ∆Π
2
f

 , (58)
where
∆Φ2f =
∫
dk
(2π)n
~c2
2ωk
|f˜(k)|2, (59)
Φ12 :=
∫ dk
(2π)n
~c2
2ωk
Re[f˜ ∗1 (k)f˜2(k)], (60)
∆Π2f =
∫ dk
(2π)n
~ωk
2c2
|f˜(k)|2, (61)
Π12 :=
∫
dk
(2π)n
~ωk
2c2
Re[f˜ ∗1 (k)f˜2(k)], (62)
and we have denoted |f˜(k)| ≡ |f˜1(k)| = |f˜2(k)|.
In order to calculate the logarithmic negativity, we need to determine the symplectic
eigenvalues of the partially-transposed covariance matrix, which in this case amounts to
replacing Π12 7→ −Π12 in the above matrix. We find that the two symplectic eigenvalues are
ν± =
1
~
√
(∆Φ2f ± Φ12)(∆Π2f ± Π12). (63)
If we expand this expression in powers of Λ/kc, we find,
ν± =
1
2
∓ 1
4
F˜
(2)
12 (Λ/kc)
2 +O((Λ/kc)4), (64)
where
F˜
(2)
12 :=
∫
dk
(2π)n
(k/Λ)2 Re[f˜ ∗1 (k)f˜2(k)]. (65)
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Hence, the logarithmic negativity between these two subsystems is nonzero to second order
in Λ/kc,
EN ∼ 1
2
|F˜ (2)12 |(Λ/kc)2. (66)
Therefore, we can conclude also from this calculation that these subsystems are entangled.
For example, in n = 1 dimensions, we can choose smearings f˜i(k) =
√
pi
Λ
e−ikxiχ(|k| < Λ),
which give EN ∼ 1N2pi2 (Λ/kc)2, where N is the number of lattice spacings between sample
points x1 and x2.
6 Conclusion and Outlook
The main goal of this paper was to elucidate the obstructions to localizability of particle
states in quantum field theory by attempting to recover the known localizability properties
of wavefunctions in non-relativistic quantum mechanics under a non-relativistic approxima-
tion. We enacted the non-relativistic approximation by identifying a subspace of the global
Hilbert space corresponding to states satifying an ultraviolet cutoff set by the Compton
scale. We showed that one can recover many of the characteristic features of NRQM beyond
the Schro¨dinger equation. However, in this study we have also identified remaining localiz-
ability issues within this imitation of NRQM, such as differences between the standard and
non-relativistic localization schemes in this regime, the interpretation of measurements asso-
ciated with localizing the wavefunction, and non-locality due to the bandlimit and sampling
properties.
Finally, we showed that the lingering discrepancy between the two localization schemes
leads to the survival of ground state entanglement in the non-relativistic approximation of
a Klein-Gordon field. Hence, we can conclude that the existence of the Unruh effect does
not rely on the presence of relativistic effects (insofar as it is related to ground state entan-
glement). Indeed, despite the observation that the Unruh temperature vanishes in the naive
limit c→∞, we demonstrated that the local degrees of freedom exhibit a non-zero tempera-
ture in the non-relativistic approximation. However, the fact that ground state entanglement
of a Klein-Gordon field is not relativistic could support the use of non-relativistic detector
systems to probe this entanglement (see, e.g., [68–70]). That is, the non-relativistic detector
systems would not have to enter the relativistic regime in order to access the entanglement.
This may also suggests that the alternative derivation of the Unruh effect using accelerating
detectors would survive the non-relativistic approximation.
The remaining localizability issues we have identified warrant further investigation. For
example, it would be interesting to further explore the measurement theory for the operators
used to characterize the localizability of the wavefunctions in the non-relativistic approxi-
mation. One task is to find the Kraus operators associated with the POVM, in order to
determine the appropriate state-update rule. Perhaps this can be achieved through a dila-
tion, for example, using the modes above the cutoff. As we mentioned, these operators also
arise in simple quantum-mechanical systems, hence it seems such a clarification would be
broadly applicable.
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Also, the intrinsic slowly-decaying non-locality of the wavefunctions indicates that the
requirement of an ultraviolet cutoff for the non-relativistic approximation may have been too
severe. This requirement was predicated on the assumption that one should recover a Hilbert
space for the description of NRQM. One could consider attempting to relax this requirement,
for example, by choosing a space consisting of the (finite) span of a collection of states which
decay sufficiently quickly in momentum space (e.g., Gaussian smearing functions). The issue
with such an approach is that one would lose much of the structure of NRQM (and helpful
mathematical tools) without the Hilbert space assumption. For instance, one would retain
the superposition principle, but lose much of the functional analytic structure, such as the
spectral theorem. Perhaps this is an appropriate compromise in order to resolve certain
localizability issues. However, to obtain a model with a fixed number of particles, one should
ensure the prevention of particle creation, despite allowing modes above the cutoff.
We note also that the classical limit of the Klein-Gordon quantum field theory is formally
similar to the non-relativistic approximation, as one is also considering a regime where the
Compton wavenumber, kc = mc/~, is large compared to some other scale. This raises the
question of whether the classical regime of the Klein-Gordon theory should also be considered
a bandlimited theory.
Lastly, given that the local degrees of freedom of the field theory remain entangled in
the non-relativistic regime, it is natural to ask about the fate of the Reeh-Schlieder theo-
rem. The Reeh-Schlieder theorem establishes the cyclicity of the ground state for the local
operators confined to any open region of spacetime. Although this can be linked to ground
state entanglement, the presence of entanglement is not sufficient to demonstrate this fact.
Determining whether there is an analogue of the Reeh-Schlieder theorem in this regime may
help further elucidate the persisting localizability issues in the non-relativistic regime.
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A Bogoliubov transformations and unitary inequiva-
lence
A.1 Bogoliubov transformations
A general Bogoliubov transformation between two sets of annihilation and creation operators
takes the form:
aˆi =
∑
j
(αij bˆj + βij bˆ
†
j). (67)
So that both sets of annihilation and creation operators satisfy the canonical commutation
relations, the operators α and β must satisfy the conditions,
αα† − ββ† = 1, and αβT = βαT . (68)
Then the inverse transformation is given by
bˆj =
∑
i
(α∗ij aˆi − βijaˆ†i ). (69)
For the case of the local and global operators introduced in Section 2, we have
aˆk :=
√
ωk
2~c2
Φˆk + i
√
c2
2~ωk
Πˆk
=
√
ωk
2~c2
∫
dx e−ik·x
√
~2
2m
(bˆx + bˆ
†
x) + i
√
c2
2~ωk
∫
dx e−ik·x(−i)
√
m
2
(bˆx − bˆ†x)
=
∫
dx e−ik·x

1
2


√
~ωk
mc2
+
√
mc2
~ωk

 bˆx + 1
2


√
~ωk
mc2
−
√
mc2
~ωk

 bˆ†x

 . (70)
Hence, the Bogoliubov coefficients for this transformation are
αkx := e
−ik·xc+(k), and βkx := e−ik·xc−(k), (71)
where
c±(k) :=
1
2
(√
~ωk/mc2 ±
√
mc2/~ωk
)
(72)
We also have the inverse transformation,
bˆx =
∫
dk
(2π)n
[
eik·xc+(k)aˆk − e−ik·xc−(k)aˆ†k
]
. (73)
For the purposes of this paper, we are considering the relativistic dispersion relation ωk =
c
√
k + k2c , where kc := mc/~, in which case c±(k) =
1
2
[(1 + (k/kc)
2)1/4 ± (1 + (k/kc)2)−1/4].
The form of the above Bogoliubov transformation would also hold for more general dispersion
relations, e.g., in cases where one includes higher powers of the spatial derivatives. This
situation arises, for example, with condensed matter systems, sonic analogues [20, 21], and
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effective Planck-scale corrections [22–26]. We see that regardless of the dispersion relation
used, provided it is not trivially ~ωk = mc
2, the above β-coefficients will not vanish. Thus,
modified dispersion relations generically will have qualitatively minor differences in, e.g.,
entanglement considerations as those examined in Section 5. There we show there will be non-
trivial entanglement between spatial degrees of freedom provided that the operator (α−1β) has
non-zero off-diagonal components. Changing the dispersion relation will generally only have
the effect of changing numerical prefactors. This is consistent with previous investigations
into the Unruh effect and ground state entanglement with modified dispersion relations (see,
e.g., [20, 21, 71–74]).
Similar computations can be done for the bandlimited operators introduced in Section 3.
Here we will use the cutoff ‖k‖∞ < Λ described in Subsection 4.3 in order to discuss the
operators at the sampling points, bˆm ≡
(
pi
Λ
)n/2
bˆ
x
(α)
m
. The Bogoliubov transformation between
these and the global operators is,
aˆk =
(
π
Λ
)n/2 ∑
m∈Zn
e−ik·x
(α)
m
[
bˆm +
1
4
(k/kc)
2bˆ†m
]
, (74)
with inverse,
bˆm =
(
π
Λ
)n/2 ∫
‖k‖∞<Λ
dk
(2π)n
[
eik·x
(α)
m aˆk − e−ik·x
(α)
m
1
4
(k/kc)
2aˆ†k
]
. (75)
The Bogoliubov coefficients after the bandlimitation are:
αΛkm :=
(
π
Λ
)n/2
e−ik·x
(α)
m , and βΛkm :=
(
π
Λ
)n/2
e−ik·x
(α)
m
1
4
(k/kc)
2. (76)
A.2 Unitary inequivalence
Bogoliubov transformations describe changes between different sets of annihilation and cre-
ation operators. These sets of operators can each be used to generate a Fock space, as
described in Section 2. It is natural to ask whether these Fock spaces are unitarily equivalent
representations of the algebra generated by these operators.
Let us consider a general Bogoliubov transformation of the form (67). Let us denote the
a-Fock space as Fa, with vacuum |0〉a and total number operator Nˆa :=
∑
i aˆ
†
i aˆi. Similar for
the b-Fock space. These Fock spaces are unitarily equivalent representations if and only if
a〈0| Nˆb |0〉a = b〈0| Nˆa |0〉b =
∑
ij
|βij|2 <∞, (77)
i.e., if the a-vacuum contains finitely many b-particles, and vice-versa [6, 30]. It can also
be stated as the requirement that the coefficients, βij, define the components of a Hilbert-
Schmidt operator. Imposing the Bogoliubov transformation as an abstract relationship be-
tween the two sets of operators dictates that in a representation the two vacua must be
related by
|0〉a = Ne−
1
2
∑
j,k
(α−1β)jk bˆ
†
j
bˆ†
k |0〉b , (78)
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The above condition for unitary equivalence is the same as the condition that the expression
on the right-hand side of the above equation is normalizable, hence a valid state which can
be identified with |0〉a [6].
Applying this to our cases, we can easily see that the local and global Fock spaces, FL
and FG from Section 2, are unitarily inequivalent, since∫
dx
∫
dk
(2π)n
|βkx|2 =
∫
dx
∫
dk
(2π)n
|c−(k)|2 =∞, (79)
due to the divergence of the k-integration as well as the infinite volume of space. After
introducing the cutoff ‖k‖∞ < Λ, the unitary inequivalence between the (bandlimited) local
and global operators does not subside. Indeed, we see
∑
m
∫
‖k‖∞<Λ
dk
(2π)n
|βΛkm|2 =
∑
m
∫
‖k‖∞<Λ
dk
(2π)n
|c−(k)|2 =∞. (80)
In this case, we see that the divergence is solely due to the infinite volume of space. This
could clearly be tamed by considering a field theory in a finite volume of space, since in
this case with an ultraviolet and infrared cutoff there would only be finitely many degrees of
freedom, so the Stone-von Neumann theorem would apply.
B Gaussian state formalism
For the calculations undertaken in Section 5, we exploit the fact that the ground state of
a free Klein-Gordon field is a continuous variable Gaussian state, hence we can rely on the
well-developed Gaussian-state formalism for continuous variable quantum information. For
a general reference on continuous variable Gaussian methods, see, for example, [75]. We will
summarize the necessary tools here.
We will generally denote phase space vectors as rˆ := (Φˆ1, Πˆ2, Φˆ2, Πˆ2, . . . )
T , where Φˆi :=
Φˆ[fi] =
∫
dxfi(x)Φˆ(x) and Πˆi := Πˆ[fi] =
∫
dxfi(x)Πˆ(x). For the states we will consider,
it will always be the case that 〈rˆi〉 = 0. We will also denote the covariance matrix by
Σij :=
1
2
〈rˆirˆj + rˆj rˆi〉, and the symplectic matrix by iΩij1 := [rˆi, rˆj]. These two matrices
completely characterize the density matrix of a Gaussian state (along with 〈rˆ〉 if it is non-
zero).
Reduced states of subsystems of a Gaussian states are always Gaussian, and are char-
acterized by the projections of these matrices onto the corresponding subspace of the phase
space. For example, for the subsystem corresponding to finitely many smearings, f1, . . . , fN ,
the projectors are simply those onto the 2N -dimensional subspace of phase space vectors
of the form (Φˆ1, Πˆ1, . . . , ΦˆN , ΠˆN ). If we denote the projectors onto this subsystem by PS,
then the covariance and symplectic matrices characterizing the state of this subsystem are:
ΣS := PSΣPS and ΩS := PSΩPS. These are convenient for calculations because they are
finite-dimensional matrices which completely determine the reduced state. In particular, we
do not have to appeal to the form of the complementary components of the matrices for the
state of the full system.
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For Gaussian states, many quantities of interest are readily expressible in terms of the
symplectic eigenvalues of the covariance matrix, i.e., eigenvalues of the matrix Ω−1Σ (or often
the eigenvalues of Ω−1S ΣS corresponding to a reduced state). These eigenvalues always take
the form {±iνj}j , with νj ≥ 1/2. The usefulness in calculating these symplectic eigenvalues
is due to the fact that one can show on general grounds that a Gaussian density matrix
can always be brought to a form where it can be expressed as a product of thermal density
matrices, which are each parametrized by one of the symplectic eigenvalues:
ρ = ⊗jρj , ρj := 1
νj + 1/2
∞∑
n=0
(
νj − 1/2
νj + 1/2
)n
|n〉 〈n| . (81)
Then, for example, one can calculate the von Neumann entropy of the state as
S(ρ) = − tr(ρ log ρ) =∑
j
[(νj + 1/2) log(νj + 1/2)− (νj − 1/2) log(νj − 1/2)]. (82)
Another quantity of interest for us is the logarithmic negativity of a bipartite Gaussian
state. This is defined as EN(ρ) := log ‖ρ˜‖1, where ‖ · ‖1 denotes the 1-norm (sum of the
absolute values of the eigenvalues) and ρ˜ denotes the partial transpose of ρ (obtained by
applying the matrix transpose to one of the two subsystems in the bipartition). In phase
space, the partial transpose is represented as a reflection of the momenta of one of the two
subsystems. For example, for two modes, the reflection acts on the phase space vectors as:
(Φˆ1, Πˆ1, Φˆ2, Πˆ2) 7→ (Φˆ1, Πˆ1, Φˆ2,−Πˆ2). Therefore, this operation is simple to apply to the
matrices which define the Gaussian state. To calculate the logarithmic negativity, one then
obtains the symplectic eigenvalues of the covariance matrix after applying this reflection,
from which it is easy to show that
EN (ρ) =
∑
j
max{0,− log(2ν˜j)}, (83)
where we denote by {ν˜j}j the symplectic eigenvalues of the partially-transposed covariance
matrix. Note that since the partially-transposed density matrix is not necessarily a valid den-
sity matrix, one does not generally have that ν˜j ≥ 1/2 (otherwise the logarithmic negativity
would always vanish), although we still have ν˜j > 0.
Generally there are (bound) entangled states for which the logarithmic negativity is zero,
although a non-zero EN always implies that the state is entangled across the bipartition.
Furthermore, in the case where one of the two subsystems consists of a single mode, EN
is non-zero if and only if the two subsystems are entangled [75–77]. In Section 5 we are
considering such a case.
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